Einstein's theory of relativity establishes the speed of light in vacuum, , as a fundamental constant. However, the speed of light pulses can be altered significantly in dispersive materials. While significant control can be exerted over the speed of light in such media, no experimental demonstration of altered light speeds has hitherto been achieved in vacuum for "twisted" optical beams. We show that "twisted" light pulses exhibit subluminal velocities in vacuum, being slowed by 0.1% relative to . This work does not challenge relativity theory, but experimentally supports a body of theoretical work on the counterintuitive vacuum group velocities of twisted pulses. These results are particularly important given recent interest in applications of twisted light to quantum information, communication and quantum key distribution. Velocity, the rate at which an object changes its position in time, is well-defined for newtonian particles, but cannot in general be unambiguously assigned to waves. For the specific and unphysical case of a monochromatic plane wave, however, a propagation rate, referred to as the phase velocity, can be attributed to the beam phase-front. The phase velocity ph of a monochromatic plane wave in a medium with refractive index is given by / . A more general expression for ph is required when considering the propagation of a light beam with phase-front ( ), ph = |∇ | ⁄ , where denotes the angular frequency of the beam and ∇ represents the gradient with respect to the spatial coordinate, (1). A pulsed beam, which is spatiotemporally localized, is comprised of an infinite superposition of monochromatic waves, each of which propagates at a distinct phase velocity ph ( ). It is the constructive and destructive interference among these frequency components that gives rise to the pulse shape and position. As a result, the pulse propagates at a speed different from that of the individual monochromatic waves of which it is composed. The speed at which the pulse envelope propagates is referred to as the group velocity, g , and is given by g = | | −1 , where ∂ ω stands for differentiation with respect to (1), see Supplementary Materials (SM) for more details.
velocities of light pulses can differ by orders of magnitude in dispersive media such as cold atomic clouds (2) , atomic vapours (3, 4) and structurally engineered materials (5) (6) (7) . Under such exotic conditions, pulse group velocities can be rendered greater or smaller than , or even negative (8) .
Here we investigate the exotic group velocities exhibited by Laguerre-Gauss (LG) modes in vacuum. In particular, we observe and explain subluminal effects that arise due to the twisted nature of the optical phase front. We use an experimental setup that employs nonlinear intensity autocorrelation to measure relative time delays between Gaussian and twisted beams, and show these time delays to be significant, in some cases reaching several tens of femtoseconds.
The group velocity of twisted light
Despite their mathematical simplicity, plane waves carry infinite energy and therefore are unphysical. More complex waves that can only be approximated even under ideal experimental conditions, such as Bessel beams and evanescent waves, have been studied for their exotic group velocities in vacuum (9) (10) . A recent publication has also reported slow-light effects in vacuum (11) for both Gaussian and Bessel-like beams. The work demonstrated light delays as large as ~ 27 fs. These effects are comparable in magnitude to those reported in our study. Giovannini et al. reported that the optical group delay increased as the square of the diameter of the beam, all other parameters being equal. They interpreted this result in terms of a ray-optics model (which they validated through a wave-optics analysis), in which the slow-light effect occurs because a ray travelling from the edge of the beam to the focus travels a larger distance than an axial ray. This model leads to the prediction that the group delay scales as the square of the beam diameter. In the present work, we report that the group delay increases linearly with the OAM value ℓ of the beam. Because the diameter of an LG beam scales as the square root of the ℓ value, the scaling law that we observe is consistent with that reported by Giovannini et al. We have interpreted this dependence (see SM) to arise as a consequence of the twisted nature of the optical wavefront. While both models lead to the same scaling law, it is not clear at present that their predictions are identical. Questions related to the mutual compatibility of these approaches remain open, and invite further investigation.
Physically realizable beams, which carry finite energy, possess spatial phase and intensity structures differing from those of plane waves. Laguerre-Gauss modes are among the most commonly encountered examples of such beams, and are solutions to the paraxial wave equation. It may therefore be more transparent to frame the initial theoretical development in the language of pure LG modes, which serve as a more natural basis in which to consider slow light effects in vacuum arising from a twisting of optical wavefronts. Notwithstanding the aesthetic and pedagogical appeal of a pure-LG mode theory, our experiment is carried out using vortex beams, such as HyperGeometricGaussian (HyGG), as these are more readily generated experimentally for reasons that will be made clear later (13) .
LG modes are an orthonormal and complete set, in terms of which any arbitrary paraxial mode can be expanded (14) , including HyGG modes. They are characterized by azimuthal and radial mode indices, ℓ and , respectively. These modes are eigenstates of orbital angular momentum (OAM), and in vacuum carry OAM values of ℓℏ per photon along their propagation direction (15, 16) . LG modal transverse intensity profiles feature intensity maxima at max = ( )√|ℓ|/2, where ( ) is the beam radius upon propagation (17) . The LG mode phase-fronts have helical structures, and in vacuum are given by
where ∶= ( , ) is the radius of curvature of the beam phase-front, ∶= ( , ) is the Gouy phase, defined in the SM, and , , are the standard cylindrical coordinates. The dependence exhibited by
LG on its spatial coordinates , angular frequency , and the indices ℓ and suggests that the phase velocity of these LG modes also depends on these values. Indeed, when explicitly calculated, the phase velocity is found to depend on , , ℓ and , i.e. ph ( , ; ; , ℓ). This concept is illustrated in Fig. 1 , which shows the spatial dependence of the phase-fronts associated with Gaussian and spherical waves. This phase velocity leads to the conclusion that g is a function of , , , and ℓ, i.e. g ( , ; ; , ℓ). wave phase-fronts having identical wavelengths. As the two beams propagate away from the focus, the phase fronts of the spherical and Gaussian waves begin to separate. This accrued phase discrepancy is associated with the Gouy phase (12) . B Illustration of the differing wavefront distributions of two Gaussian beams (dashed orange and solid blue, respectively) differing in wavelength by 2%. Insets show enlarged views of the phasefronts near the beam waist (black colour box) and approximately at 10 wavelengths from the waist (gray colour box). The radial dependence of the difference between the phasefronts associated with the two beams is apparent in both figures. This can be understood to be a consequence of diffraction; the longer wavelength (orange) beam diverging more rapidly than the shorter wavelength (blue). The group velocity is calculated by means of a procedure described in the SM, where we also show that the slow-light effect arises largely from the structure of the wavefront radius of curvature, as distinct from the Gouy phase effect already discussed in the theoretical literature (18) (19) (20) . Indeed, the Gouy phase effect is an order of magnitude smaller than that observed in our experiment. Notably, the slow light effects investigated here are observed to arise due to the twisting of the optical phase front itself, which causes the beam's intensity maximum to follow a hyperbolic trajectory. The group velocities associated with LG modes having different and ℓ indices are shown as functions of distance in Fig. 2 . Figure 2 -A demonstrates that beams with ℓ = 0 propagate at sub-and super-luminal speeds depending on propagation distance for all values of . Specifically, for propagation distances bounded by | | ≤ , these modes exhibit superluminal speeds, which at the waist increase linearly by g ( ) = 2.5 × 10 . The competing slow-and fast-light effects characterizing the propagation of ≠ 0 modes cancel to a significant extent for propagation distances beyond , rendering -index induced pulse delays extremely difficult to measure. By contrast, for a fixed = 0, LG modes are found to exhibit slowlight behaviour for all propagation distances and all values of ℓ, as shown in Fig. 2 -B. In this case, light speed reduction at the waist increases linearly with ℓ by g (ℓ) = −1.6 × 10 −4 ℓ for light at 795 m with a beam waist of 100 m. Although this effect is small, the time delay experienced by ℓ ≠ 0 pulses increases monotonically with propagation distance, reaching measurable values far from the waist. Nonetheless, the expected time delays for ℓ ≠ 0 relative to ℓ = 0 Gaussian pulses are on the order of a few femtoseconds for the wavelength of light and beam waist considered, since the portions of an ℓ ≠ 0 beam that are maximally intense experience more pronounced phase front curvature effects. Therefore, the need for a highly accurate arrival time measurement strategy is clearly indicated (11, 21) .
Experimental results
A schematic of our experimental setup is shown in Fig. 3 . We measured the relative time delay between a Gaussian reference pulse and an HyGG ℓ = ∑
LG ,ℓ pulse by implementing a technique analogous to non-collinear intensity auto-correlation (see the SM). We spatially overlap these non-collinear pulsed beams inside a -barium borate (BBO) nonlinear crystal. A time delay is introduced between the two pulses using an optical delay stage. When this delay is minimized, the pulses are spatially and temporally overlapped within the crystal, leading to maximization of the non-collinear second harmonic generation output pulse intensity. In this way, time delays experienced by the test beam can be detected by measuring the delay stage movement required to restore maximal pulse overlap. Using this technique, changes in relative arrival times of the Gaussian and twisted pulses induced by increases in HyGG mode ℓ index can be measured within femtoseconds. (2 ) is the Rayleigh range, at which all modes travel at speed . B Propagation dependence of group velocities for LG beams characterized by = 0 and different values of ℓ. These group velocities are calculated not along the beam axis, but at the radial position corresponding to the beam intensity maximum max = ( )√|ℓ|/2. max defines the circle through which will pass all rays associated with a given LG mode in the raytracing picture. With the exception of the ℓ = 0 case, all modes are found to exhibit subluminal behaviour throughout propagation. These results are obtained from simulations of light at a wavelength of 795 m with a beam waist of 2.5 mm, focused by a thin lens of focal length 400 mm. Figure 4 -A shows normalised power measured as a function of delay stage position using the autocorrelation technique described (see the SM), for HyGG modes with various values of ℓ . As can be seen, measurable shifts occurred between all HyGG modes presented in the figure. These peak shifts arise from differences in pulse arrival time induced by the subluminal speeds experienced by different HyGG beams during propagation. In particular, the shift in peak position between the LG 0,0 and HyGG 6 modes is approximately 7 m, corresponding to a time delay of 23 fs , from which can be inferred a maximum fractional group velocity drop of 0.1% relative to . This fractional velocity drop is determined from the theoretical curves plotted in Fig. 2 . The velocity drop recorded here is that corresponding to the = 0 propagation position, and therefore represents the slowest pulse propagation speed reached during the experiment. Time delays experienced by various HyGG ℓ modes relative to the LG 0,0 reference mode are shown in Fig. 4-B . These results reveal the expected linear dependence of pulse arrival time on ℓ for a specific propagation distance (see the SM). This dependence may be understood with reference to Eq. (1), which indicates that phase is a function of the index ℓ and the radial curvature ( , ) .While the ℓ index is clearly shown to play an important role in determining the group velocity of an LG mode, the effect of the index is far less pronounced, for reasons discussed earlier. Thus, HyGG and LG beams will experience similar time delays, up to some correction factor. In the far-field, the group velocity of any LG mode asymptotically approaches , see Fig. 2 . Therefore, the time delay between LG ,ℓ and LG 0,0 reaches a constant value far from the focus. A number of conclusions can be drawn from the investigation presented here. First, the group velocities of twisted LG beams (HyGG beams) have been shown to differ measurably from those of Gaussian pulses, even in free space. This surprising effect can be interpreted as revealing the "pseudo-dispersive" character of the vacuum itself, as diffractive effects in vacuum result in wavelength-dependent phase and group velocities. Further, exotic phase and group velocity effects inevitably arise for any physically realizable beam, for these must necessarily possess nontrivial spatial amplitude and phase structures, which result in other-than-luminal propagation speeds. For the particular case of twisted light, spatial structure can lead to slow light effects whose magnitudes depend directly on various beam parameters, including the modal ℓ and indices.
These findings carry great practical significance, particularly for classical and quantum communication and quantum information with twisted light (24) (25) (26) . Unless differences induced in LG mode pulse arrival times are compensated for, the sub-and super-luminal effects reported here could result in out-of-sequence detection of pulses, or the failure of , where |0⟩ and |ℓ⟩ respectively represent LG 0,0 and LG 0,ℓ modes, generated by a sender (Alice) at time, = 0, will travel at a group velocity that depends upon the values of and . As a result, the photon's arrival time at the receiver (Bob) will be given by , = ∫ g , ( ) ⁄ z=reciever z=source . As this treatment shows, the message will reach Bob at a time that will depend upon and . More generally, photons associated with an arbitrary mode | { ℓ } ⟩ = ∑ ℓ |ℓ⟩ +∞ ℓ=0
will exhibit arrival times { ℓ } , which will depend upon the set { ℓ } of amplitudes associated with each LG component comprising the beam of interest.
Photon OAM has been shown to represent a valid state label which can be used to distinguish one photon from another. From a quantum information standpoint, therefore, one could imagine how a Hong-Ou-Mandel (HOM)-type experiment could exhibit great sensitivity to the slow-light effects explored here. In particular, a HOM experiment carried out, for example, with one photon in an LG 0,0 mode, and the other in a coherent superposition of LG 0,0 and LG 0,1 modes, would already be expected to register only a limited dip, due to the partial distinguishability of the two photons on the basis of their OAM. However, our work has shown that a second effect will also be at play: in addition to being damped due to the partial distinguishability of the incident photons, one would also expect the HOM dip obtained in such an experiment to be skewed as a direct consequence of the different arrival times of the two photons. Given the critical importance of the HOM effect to quantum information protocols, this second effect may have a wide range of practical consequences.
Notably, our results should not be misattributed to lens thickness effects (27) , which have been avoided by removing any lenses in the path of the LG beam following its generation. We have shown that time delays on the order of several femtoseconds can arise between LG modes due to the group velocity effects we have explored, depending on the geometries of the sender and receiver optics. As a result, any communication scheme (28, 29) or computation protocol (30) relying upon twisted light must account for the slow and fast light effects that we have demonstrated.
Methods
Experimental setup: The output of a 100 fs pulsed Ti:Sa laser operating with a repetition rate of 82 MHz and an average power of 300 mW at a central wavelength of 795 m is split into two arms by means of a non-polarising beam splitter (BS). In the test arm, the incident beam is made to pass through a lens placed immediately prior to a kinoform displayed on a Pluto-HOLOEYE spatial light modulator (SLM), which reshapes the spatial distribution of the incoming pulsed beam into a desired HyGG ℓ mode. In order to generate a pure LG ,ℓ mode, one would have to use an intensity masking technique. The downside to this method is the power reduction in the beam that accompanies the masking strategy, a crucial consideration in a nonlinear optical experiment, as the efficiency of the SHG signal depends on the intensity of the pump beam. No lenses are used after the hologram, in order to avoid the introduction of additional artificial time delays. Since the different LG modes considered have intensity maxima at different radii, a lens placed in the optical path of the beam would introduce an additional time delay, which would depend on the lens thickness at the radius of the beam's intensity maximum. We note that one may be tempted to overcome this difficulty by making use of flat (Fresnel) lenses. However, this would result in a distortion of the pulse shape and spectrum (27) .
The first diffracted order obtained from the reflection of the test beam off the SLM is selected using an iris placed at the Fourier plane of the lens. The test and reference pulses are respectively focused by means of 1 = 400 mm and 2 = 500 mm lenses into a = 500 m thick type-I -barium borate (BBO) crystal, where they are spatially overlapped. The Rayleigh range, = 2 cm ≈ 40 L, associated with the test beam is much longer than the crystal length. The cross-SHG signal is isolated from the two other SHG outputs and fundamental beams by means of an iris followed by an interference filter. The power associated with this signal is measured over a period of one second using a Newport power meter with a silicon detector.
Cross-correlation:
The second-order polarisation arising from the reference (LG 0,0 )-test ( LG ,ℓ ) beam interaction is given by 0,ℓ (2) ( ) = 0 (2) LG 0,0 ( ) LG 0,ℓ ( − ) , where LG 0,ℓ ( ) represents the time-dependent electric field associated with the LG 0,ℓ mode, indicates the time delay between the two pulses, and (2) is the second-order nonlinear susceptibility of the BBO crystal. The intensity associated with the cross-beam SHG signal is then proportional to the product |LG 0,0 ( )| 2 | LG 0,ℓ ( − )| 2 . Hence, maximal cross-beam SHG will be observed when the delay is set to be zero, = 0. However, due to the Gaussian temporal profile of the pulses, some non-collinear SHG will result even in the case of small non-zero time delays. As the time delay between both pulses increases, the non-collinear SHG signal decreases gradually, disappearing when significantly exceeds the pulse temporal duration. 
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Phase and Group Velocities
A surface of constant phase, also known as a cophasal surface, associated with a monochromatic electric field ( , ) = ( ) ( −Φ( )) , where ( ) and Φ( ) respectively denote the amplitude and phase of the electric field, is given by (1)
whence
The phase velocity describes the rate at which a point of constant phase travels through space, i.e. ph = ph / , and can be calculated by
Equation (S3) can be rearranged by introducing a unit vector ̂= / ph , yielding
where we have used the fact that ̂= ∇Φ( )/|∇Φ( )| for propagation of a wavefront.
For polychromatic fields, which in general may be expressed in the form
, a group velocity may be assigned to the pulse envelope. Here, ̃( , ) is the angular frequency amplitude and represents the amplitude of the field in frequency space. The group velocity may be derived by expressing the electric field as a product of its carrier and envelope components, such that ( , ) = ( , ) ( 0 −Φ( , 0 )) , where 0 stands for the central angular frequency of the field. From these two expressions for the electric field, it can be seen that
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The phase Φ envelope of the field envelope therefore evolves according to Φ envelope = ( − 0 ) − (Φ( , ) − Φ( , 0 )). When Φ( , ) is Taylor-expanded to first order in frequency around 0 , i.e. Φ( , ) ≃ Φ( , 0 ) + ( − 0 ) 0 Φ( , ), the condition for constant envelope phase is found to be
therefore, we have
Defining a unit vector for the position of the envelope, ̂= / g , then gives
The amplitude of a Laguerre-Gauss beam is given by
where is the radial index (positive integer), ℓ is the azimuthal index (integer), and are the transverse cylindrical coordinates, ,ℓ are normalization constants, ( ) = 
where ≔ arctan ( ( ) ) is the Gouy phase. The radius of curvature ( , ) is obtained from the ABCD law for the case of a Gaussian beam incident on a thin lens at its waist, and subsequently focused to a new waist, and is given by (31)
where
is the distance between the lens and the focus, is the focal length of the lens, and ,0 ( ) is the Rayleigh range of the beam prior to the lens. From the expression (S10) for the phase, one can obtain an explicit form for the group velocity of an LG beam by direct application of Eq. (S8),
This was the approach taken to produce the theoretical curves shown in Fig. 2 for LG modes having different indices and ℓ . The group velocity associated with a pulse exhibits a dependence on . The radii at which velocity measurements were made correspond to the coordinates through which the classical rays associated with each beam will pass, according to the ray tracing picture. Measurements plotted in Fig. 4 naturally reflect the group velocity of LG modes at max = ( )√|ℓ| 2 ⁄ for = 0 modes having different values of ℓ.
We note also that two LG beams characterized by equal central wavelengths and max values, but different indices ℓ and, correspondingly, different beam waists, will propagate at different group velocities. Even if the classical ray trajectories associated with two LG modes are made to coincide at the focus by changing the beam waist, their Rayleigh ranges will differ, and scale inversely with ℓ. Therefore, it is impossible to compensate for this effect by simply changing the beam waist; it is a beam property rather than a property of the optics. It should also be noted that the results shown in Fig. 2 are wavelength and beam waist dependent. Since the maximal intensity of LG ,0 modes is found on-axis (at = 0), these relative arrival times do not include any contribution from the phase-front radius of curvature. As a result, any deviations from exactly luminal propagation may be attributed entirely to changes in the index itself. B Theoretical plot showing arrival times of LG 0,ℓ pulses as a function of propagation distance, relative to a plane wave pulse travelling at . The time delays between LG pulses with nonzero ℓ indices and the plane wave pulse are monotonicallyincreasing functions of propagation distance for ℓ ≠ 0. This is due to the fact that LG beams with nonzero ℓ are characterized by subluminal group velocities throughout propagation. In each case, the plotted time delays are calculated at the radius of maximum intensity, max ( ), and therefore include the contribution of the phase-front radius of curvature to the group velocity of the LG pulse.
Hypergeometric-Gaussian modes
A given Hypergeometric-Gaussian mode with well-defined ℓ can be regarded as an infinite superposition of LG ,ℓ modes with fixed ℓ and different indices. In a general, a HyGG beam generated from a pitch-fork hologram finds most of its power peaked in the LG 0,ℓ mode. Perhaps the most important correction that one needs to include while
